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The New Tamm-Dancoff procedure consists of three main parts: an expansion for pairs of states with respect to a non-orthogonal base, a cut-off approximation for this expansion, and a transformation with respect to a new reference state. In this paper we treat part one and two. It is shown that the NTD-procedure is equivalent to the tensor product of the original Schrödinger problem and its conjugate problem. The occurring nonlinear transformation is examined and the cut-off is discussed. § 5. Introduction
Tamm [1] and Dancoff [2] independently intro duced a procedure for the approximative determi nation of eigenvalues in quantum field theory. It is based on an expansion with respect to a complete orthonormal system in Fock space with a cut off at finite order. To avoid certain divergences of prin cipal nature, Dyson [3] proposed a modification, the so-called New-Tamm-Dancoff procedure (NTDprocedure). Instead of a single eigenstate in Fock space a pair of states is expanded with respect to coordinates (as will be shown in § 11 nonorthogonal ones) and this expansion is cut off at finite order. Following Heisenberg [4] , many of his former stu dents applied this procedure to a great extend, especially Stumpf [5] , Dürr and Wagner [6] .
The convergence was proved in the case of the anharmonic oscillator in [7] . On account of con siderable mathematical difficulties in relativistic quantum field theory, the procedure was first tested in solid state theory [8] . I t turned out that it has advantages in calculating approximations for com plicated many body systems [9] .
This work classifies the NTD-procedure in the mathematical framework of the algebraic theory of many body systems [10, 11] . As a guidance the treatment of electrons and holes in a semiconductor was used, but any nonrelativistic solid state prob lem may be treated in a similar way.
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The notation is the same as in [13] , which will be abbreviated by I in the following. Only local systems with an energy cut off will be considered. As in I let (vh)vejf be an orthonormal base of vec tors in the finite dimensional one-particle Hilbert space c € . The families of creation-and annihilation operators with respect to this base are denoted by {at)ve^v and (av)vej^, respectively. Let the local Hamiltonian (with energy cut off) be H = h {a+ ,a)= 2 hMNa+Ma (5.1)
To specify examples, the expressions [8, (1.13)] and [9, (2.1)] are of this type. We suppose H to be self adjoint, i.e.
= (5.2)
The NTD-procedure consists of three main parts:
(i) The pairs of states are expanded with respect to a certain (non-orthogonal) basis, and the eigen value problem is transformed into a matrix equation for the coefficients of this expansion. As will be shown, the system is equivalent to the direct product of the Schrödinger problem and its conjugate under a non-unitary trans formation [ § 6- § 10]. (ii) The resulting system of equations is truncated [ § 12] . The various approximations are discus sed in [8] for a solid state model. (iii) As the ground state of a semiconductor model is characterized by a completely filled valence band, the analysis shown in § § 6 to 12 is not done in the Fock space representation cor 0340-4811 / 81 / 0500-0429 $ 01.00/0. -Please order a reprint rather than making your own copy.
responding to the pure vacuum, but in the valence band representation. Within the NTDformalism this is accomplished by the F-transformation (see [14] , which will be abbreviated by III in the following). § 6. Determination of Energy Differences; the cp-coefftcients
In many body physics the ground state energy in many cases is very large compared with the energy difference between neighbouring states. In the thermodynamic limit only energy differences with respect to a reference-state are important. For a method to determine such energy difference (introduced by Dyson [3] and Freese [19] ) we state is the number operator defined in (1.1)). Since the a+MaN form a basis of the algebra L^q ) , equation (6.1) can be rewritten in terms of the cp-coefficients. This socalled 0-system will be set up in § 10. § 7. The Generating Operator and the <E>-functional We want to comprehend the coefficients as a vector. This is achieved by defining 21a , 2lM, to be CAR-algebras over the same one-particle Hilbert space with corresponding annihilation operators (av)ve^ r (M re-r and (vv)re"y, respectively. We will interprete the av as annihilation operators of the many particle system as usually, but the uv and vv as test operators. As in I § 3 the CAR tensor product u ® is formed and the creation and annihilation operators are identically embedded by &U, % +> vß+, vß {/lc e Jf). All these operators anticommute except the canonical anticommutation relations {aß , av+) = uv+) = {vß, vv = ößVI . (7.1)
We consider the Fock space representation for each algebra and choose for 51 the product representation on 0^© # ©#)• On this space we define the generating operator
(here is u+ • a+ 2 un+au+ according to I §2, fie ^r (2.23)). This operator series is finite, as 51 is of finite dimension. In the case of infinite degrees of freedom we must restrict the test-space to define V.
Using the calculations in I § 2 the series can be determined:
This displays the generating operator comprising all operators a +KaL {K, L Q Jf) labelled with coef ficient operators u+Kv+L, respectively. Now let W and X be normed vectors in (#). We define an antilinear functional on the test space J f Quv (ft © 9?) corresponding to the pair of states (X F , X). Using the generating operator we associate with each 0 ' e J f ßuv (^ © the value (W ® 0 '\V (X ® Q uv)>; Quv denotes the vacuum vector in test space. We exploit this antilinear functional on the spe cial elements 0 ' = u+Mv+NQuv and obtain Therefore, the antilinear functional defined in (7.4) is called the ^-functional. As it is defined on a finite dimensional Hilbert space and therefore is continuous, by the Riesz lemma there is a unique element 0 of Hilbert space, such that the 0-functional is the scalar product <<£' | <*>>:= 0 '\V (X ® Quv)> ■ (7.6)
If we want to emphasize the dependence of 0 on the pair of states (X F, X) we write 0 = 0 y X • The set is called the functional space 5F. In the finite dimensional case it is identical to the testspace ^O u A^®^)' According to (7.5) and (7.6) the ex pansion of the ^-functional with respect to the basis {u+mv+ n q uv)m is 0 y X= 2 u+Mv+NQ (p(M \N ). This way is taken in [8] . We thus have an explicit formulation of functional quantum mechanics with out referring to the structural analysis developed in the next paragraph. But the deduction of the functional Hamiltonian (9.7) is greatly simplified by the method of the next paragraph, so Ave post pone the proof of (9.7 The 0-system is given by the Symanzik-transformation of the eigenvalue equation
This is the tensor product of the conjugate of the Schrödinger problem with the Schrödinger problem itself. From I, Theorem 4.2 we knoAV the conjugate problem being equivalent to the original one. Ac cording to [16] , I, p. 300, Theorem VIII.33, the spectrum of the tensor product is given by an -Gil • So we have shown again the equivalence of the system Avith the Schrödinger problem. In the folioAving Ave denote the difference Hamil tonian by H := hA(u+, u) -h(iv+, iv ). (10.8) This operator is selfadjoint. Equation (10.7) there fore can be handled as usual. The Symanzik-trans formation provides a relation between the tensor product space, which has a physical interpretation, on one side, and the calculus in the functional space on the other side. This Avill be evaluated in the next paragraphs. If we calculate, e.g., the formal inner product of the one-particle states W -a \+Q, X = a \+Q and the zero-particle states W = Q, X' = Q, we get
contrary to the fact, that the transition amplitude from WA ® X to W'A ® X' vanishes.
On the other hand, the inner product on the tensor product space given by the sesquilinear extension of (11.3) <!fA ® x | w A ® x'> := <wA | ¥ " A> <x | r > has the physical meaning of the probability ampli tude to find the prepared states WA ® X during a decision measurement for the states W A (x) X'. We can transfer this interpretable inner product to the functional space by means of the Symanziktransformation and the definition:
We call . » the physical inner product. (-1)' (M»)0\0 (12.10) This proves the assertion (12.7) -(12.8). Equations (12.9) follow immediately from (12.10). | | As was shown by the first author [8] , for p = 1, 2 and 4 the truncated system of an exciton model gives results comparable to those obtained by Haken [17] . Theorem 12.2 explains this correspon dence: the truncating projection operator Qp is equal to the projector of the subspace with particle number ^ p except for the "perturbation" Rp .
The vality of the approximation of H by QP HQP = Pp H P p + {Pp H Rp + Rp H Pp + RP MRV) (12.11) is given by an estimate of the remaining Rp0 . How ever, it can be shown that for certain states 0 the
